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Abstract  Data assimilation in the geophysical sciences refers to a methodology to optimally merge 
model predictions and observations. The Kalman Filter (KF) is a statistical and sequential data 
assimilation technique that is optimal for linear dynamics and measurement processes with 
Gaussian error statistics, while for nonlinear filtering problems the Ensemble Kalman Filter (EnKF) 
has been demonstrated to be a suitable alternative. EnKF is a Monte Carlo approach based on the 
approximation of the conditional probability densities of interest by a finite number of randomly 
generated model trajectories. In Newtonian relaxation or nudging (NN), which can be represented 
as a special case of KF, model variables are driven towards observations by adding to the model 
equations a forcing term proportional to the difference between simulation and observation 
(relaxation component) and containing four-dimensional weighting functions that can incorporate 
prior knowledge about the characteristic scales of spatial and temporal variability of the state 
variable(s) being assimilated. In this study both EnKF and NN have been implemented in a 
relatively complex hydrological model, which couples a three-dimensional finite element Richards 
equation solver for variably saturated porous media and a finite difference diffusion wave 
approximation based on a digital elevation data for surface water dynamics. We report on the 
retrieval performance of the two assimilation schemes in a syntethic test case represented by a small 
hypothetical catchment taken from Paniconi et al. [2003]. In particular, we focus on the comparison 
between the performance of the two approaches and evaluate how EnKF can help to “calibrate” the 
parameters controlling NN weighting functions, in order to better define the spatial and temporal 
characteristic scales of the state variable(s) and thus optimize NN as a valid alternative when  EnKF 
proves to be not favourable due to its high computational burden. 

Coupled model 
Surface–subsurface interactions at the hillslope and subcatchment scales are simulated by means of 
the CATHY (CATchment HYdrology) model [Bixio et al., 2000], consisting of the 3D finite 
element Richards’ equation for variably saturated subsurface flow coupled to a 1D DEM-based 
finite difference convection-diffusion equation for surface water dynamics:  
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where s  is the general storage coefficient; Sw = q/qs the water saturation, with q the volumetric 
moisture content and qs the saturated moisture content, Ss the specific storage, y  the pressure head; t 
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is time; Ks the saturated hydraulic conductivity; Krw the relative hydraulic conductivity; hz the unit 
vector in z direction, with z the vertical coordinate directed upward, qs represents distributed 
sources/sinks; h is the ponding head (depth of water on surface of each cell); s is the hillslope and 
channel link coordinate, Q the discharge along s, ck the kinematic wave celerity, Dh the hydraulic 
diffusivity, and qL the overland flow rate. 

Coupling is via interaction between surface ponding heads generated by the subsurface model, 
computed as the residual between potential and actual atmospheric inputs (rainfall and evaporation), 
and the overland accumulation (in lakes and reservoirs) or routing (on hillslopes and in channels) of 
this ponded water. The distinction between hillslope and channel flow is based on the constant 
critical support area concept while pools and lakes are handled at the DEM pre-processing level by 
the lake boundary-following procedure. 

Essential inputs to the model include digital terrain data, a functional representation of the nonlinear 
relationships between moisture content, pressure head, and hydraulic conductivity for the 
unsaturated (soil) zone, and the atmospheric forcing (precipitation and potential evaporation) 
applied as a surface boundary condition for the model. The model computes several state variables, 
which can be distributed in space and time (moisture content, surface and subsurface flow 
velocities, aquifer level and ponding heads) or aggregated (e.g., streamflow at the catchment outlet). 

Data assimilation 
Data assimilation allows simulation models to be updated with observation data, with the most 
advanced methods also providing a framework for incorporating model and data errors and for 
quantifying prediction uncertainties. Two data assimilation schemes are implemented in our 
coupled model: dynamical relaxation (also known as nudging) and an ensemble Kalman filter 
(EnKF). 

Nudging 
In nudging, implemented as a first experiment with data assimilation in a three-dimensional 
numerical Richards equation-based model by Paniconi et al. [2003], state variables are driven 
toward observations by adding a forcing term (proportional to the difference between the actual 
solution and the observation to be assimilated) to the model equation. In our implementation, the 
forcing term is added only to the Richards’ equation, resulting in the following expression: 
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where x=(x,y,z)T is the Cartesian spatial coordinate vector, NT is the number of observation times 
and NX is the number of observation points, qokl and ql are the soil moisture observations and 
computed by the model at the observation points, respectively, G determines the relative strength of 
the nudging term with respect to the physical forcing term, Wkl(x,t) are weights to be specified as 
functions of space and time, and el £ 1 is a factor that reflects the accuracy of the observations 
(equal to 1 for perfect measurements). The weighting functions can incorporate prior knowledge 
about the spatial and temporal variability and characteristic scales of the state variable(s) being 
assimilated. 

Ensemble Kalman Filter 
The use of EnKF is becoming common in hydrological modeling for very large scale applications 
[Crow and Wood, 2003], but is still a novelty at catchment and smaller scales, especially for 
process-based numerical models.  
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Figure 1. a) 50 ´́́́  50 m DEM for the test case, representing a small c atchment with an internal lake. 
Elevations are in meters. b) Atmospheric forcing bo undary conditions for the true simulation (solid 
line) and the perturbed scenario (dashed line). Not e that the perturbed scenario represents 
significantly dryer conditions.  

The basic formulation is represented by three vector-valued discrete-time equations, i.e., the model 
equation, the measurement equation, and the update equation: 
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The vectors yj(t), indicating each realization of the ensemble, contain the uncertain hydrologic 
states, that in our implementation are pressure head at each node of the subsurface grid and water 
volume, inflow discharge, and outflow discharge at each cell of the surface discretization.The 
vector a represents the time-invariant set of soil parameters (saturated hydraulic conductivity, 
specific storage, porosity, retention curves parameters, etc.), while the vector u(t) represents the 
time-dependent atmospheric forcing variables. The initial condition is given by y0(a) and the 
nonlinear operator A describes how the state at a previous time t  is related to the state at time t. The 
operator M represents the transfer model that describes how the observations are related to the 
system states, the vector zi contains the measurements obtained at time ti and wi is a random noise 
that accounts for measurement errors. Finally, the Kalman gain Ki+1 measures the level of 
confidence of the model with respect to the measurements, depending on the system state 
covariance matrix and the measurement error covariance matrix. 

Test case  
For the test catchment of Figure 1a) we set a “true simulation” (or “base run”) by generating 
physically reasonable initial conditions and running a total simulation time of 4 h, using the 
atmospheric boundary conditions shown in Figure 1b). From the true simulation we extracted 
surface soil moisture measurements from five nodes and two observation times, at 1 h and 3 h, and 
we tested both nudging and EnKF for a scenario in which the atmospheric forcing boundary 
conditions differ from those of the true simulation as shown in Figure 1b). 
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Figure 2. Difference in water saturation at the sur face between the base run and the no data 
assimilation (open loop) run (left), between the ba se run and the nudging run (middle), and between 
the base run and the EnKF run (right) at time 3 h. Black dots represent the observation locations. 

Results 
The simulation results demonstrate that both data assimilation schemes perform well in terms of 
retrieval of the true solution, but that they also exhibit interesting differences in behavior. Nudging 
performs better for the single observation point time variability (not shown), due to its ability to 
keep the forcing term active over a finite time period, whereas EnKF lacks this explicit time 
correlation structure. Moreover, in very dry conditions such as those simulated by the perturbed 
scenario, soil moisture variability is limited from below by the residual water content, thus 
maintaining small values in the model covariance matrix and hence attributing, for some points, 
more confidence to the model than to the measurements. On the other hand, the spatial influence of 
the nudging term is limited to a certain horizontal scale by the chosen parameters of the weighting 
functions, whereas EnKF automatically determines the covariance structure. This results in a better 
performance of EnKF in maintaining the water saturation inside the lake closer to the saturation 
produced by the true simulation. Thus, information obtained with EnKF can probably be usefully 
exploited to better define or set appropriate weighting function parameters in the nudging scheme. 
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